
Çàäà÷i 418 �423
Ðîçäië âåäóòü Âîëîäèìèð Áðàéìàí, Äìèòðî Ìiòií òà Âîëîäèìèð Íåêðàøåâè÷

418. Âñåðåäèíi òðèêóòíèêà ABC âiäìiòèëè òî÷êè M i N òàê, ùî òî÷êà M ëåæèòü
âñåðåäèíi òðèêóòíèêà ABN , à òî÷êà N ëåæèòü âñåðåäèíi òðèêóòíèêà ACM .
Êðiì òîãî, ∠MAB = ∠NAC, ∠MBA = ∠NBC i ∠MCB = ∠NCA. Äîâåñòè,
ùî ÿêùî òî÷êè B,M,N i C ëåæàòü íà îäíîìó êîëi ç öåíòðîì W , òî ïðÿìà AW
äiëèòü âiäðiçîê MN íàâïië.

(Â. ßñiíñüêèé, Âiííèöÿ)

419. ÍåõàéH òà O � òî÷êà ïåðåòèíó âèñîò òà öåíòð îïèñàíîãî êîëà òðèêóòíèêà ABC.
Âiäîìî, ùî ∠BAO = 1

3
∠BAC òà CO = CH. Çíàéòè êóòè òðèêóòíèêà ABC.

(Ì. Ðîæêîâà, Êè¨â)

420. Íåõàé a, b, c � äîäàòíi äiéñíi ÷èñëà. Äîâåñòè, ùî

a3 + 3b3

5a+ b
+

b3 + 3c3

5b+ c
+

c3 + 3a3

5c+ a
≥ 2

3
(a2 + b2 + c2).

(USAJMO)

421. Ïðÿìîêóòíèê n×m, n,m ≥ 3, ðîçáèòî íà ïðÿìîêóòíèêè 1× 2 òà 2× 1. Äîâåñòè,
ùî äåÿêi òðè ïðÿìîêóòíèêè ðîçáèòòÿ óòâîðþþòü ïðÿìîêóòíèê 3× 2 àáî 2× 3.

(Î. Ðóäåíêî, Êè¨â)

422. Äàíî ïiâêîëî ç äiàìåòðîì AB. Íà äóçi AB öüîãî ïiâêîëà âiäìiòèëè äîâiëüíó
òî÷êó C, âiäìiííó âiä òî÷îê A i B. Íåõàé D � îðòîãîíàëüíà ïðîåêöiÿ òî÷êè C
íà äiàìåòð AB. Êîëî ω äîòèêà¹òüñÿ äî âiäðiçêiâ AD, CD i äóãè AB â òî÷öi P.
Äîâåäiòü, ùî òî÷êà ïåðåòèíó áiñåêòðèñ êóòiâ ∠APB i ∠ACD ëåæèòü íà äiàìåòði
AB.

(Â. ßñiíñüêèé, Âiííèöÿ)

423. Çíàéòè âñi ôóíêöi¨ f : N → N (äå N � ìíîæèíà íàòóðàëüíèõ ÷èñåë) òàêi, ùî
f(n!) = f(n)! äëÿ âñiõ íàòóðàëüíèõ n òà f(m)− f(n) äiëèòüñÿ íà m− n äëÿ âñiõ
ðiçíèõ íàòóðàëüíèõ m,n.

(USAMO)
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418. Points M and N are chosen inside triangle ABC such that point M lies inside
triangle ABN and point N lies inside triangle ACM . Moreover ∠MAB = ∠NAC,
∠MBA = ∠NBC and ∠MCB = ∠NCA. Prove that if points B,M,N and C belong
to a circle with center W then the straight line AW bisects MN .

(V. Yasinskyy, Vinnytsya)

419. Let H and O be orthocenter and circumcenter of triangle ABC. It is known that
∠BAO = 1

3
∠BAC and CO = CH. Determine the angles of triangle ABC.

(M. Rozhkova, Kyiv)

420. Let a, b, c be positive real numbers. Prove that

a3 + 3b3

5a+ b
+

b3 + 3c3

5b+ c
+

c3 + 3a3

5c+ a
≥ 2

3
(a2 + b2 + c2).

(USAJMO)

421. Rectangle of size n×m, n,m ≥ 3, is divided into 1× 2 and 2× 1 rectangles. Prove
that some three of them form a rectangle of size 3× 2 or 2× 3.

(O. Rudenko, Kyiv)

422. A semicircle is given with diameter AB. On arc AB of the semicircle, an arbitrary
point C is chosen that di�ers from points A and B. Let D be orthogonal projection
of point C on the diameter AB. A circle ω touches segments AD, CD and arc AB at
point P. Prove that the intersection point of bisectors of angles ∠APB and ∠ACD
lies on the diameter AB.

(V. Yasinskyy, Vinnytsya)

423. Find all functions f : N → N (where N is the set of positive integers) such that
f(n!) = f(n)! for all positive integers n and such that m−n divides f(m)− f(n) for
all distinct positive integers m,n.

(USAMO)
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