
71. �i¤ãcì Ma§a ý̈ ¬aõ ço¢e­, éo ¬o¦e ¢e§â¨, ªpi¬ ca¬o£o ¤i¤a, pi¢­o D ªi«o£pa¬i¢ ¢a­-
âa¦ã (­e ¡i«ìèe ý̈ ­e ¬e­ìèe). Ha ocâpo¢i §a«¨è¨«¨cì §a ý̈ æi, ¢a£a ªo¦­o£o § ïª¨x õ
æi«¨¬ ç¨c«o¬ ªi«o£pa¬i¢, a«e ­e ¡i«ìèa §a 12ª£. �o¢e¤iâì, éo ic­ãõ âaªe ç¨c«o D, éo
¤i¤ãcì Ma§a ý̈ ¬o¦e ¯epe¢e§â¨ §a ¤eªi«ìªa pa§i¢ ¡ã¤ì-ïªã £pã¯ã §a ý̈ æi¢, cã¬ap­a ¢a£a
ïª¨x ¤i«¨âìcï ­a D.

(I.Ap¦a­æe¢, �.Πio­âªo¢cìª¨ ý̈ , Mocª¢a)

72. �ã­ªæiï f ¢¨§­açe­a ­a ¬­o¦¨­i ¯ap ­aâãpa«ì­¨x ç¨ce« âa ­a¡ã¢aõ ­aâãpa«ì­¨x §­a-
çe­ì. Bi¤o¬o, éo f(f(x, y), z) = f(x, f(y, z)) ¤«ï ¤o¢i«ì­¨x ­aâãpa«ì­¨x x, y âa z. Kpi¬
âo£o, ic­ãõ âaªe C, éo f(x, y) < C ¤«ï ¤o¢i«ì­¨x ­aâãpa«ì­¨x x âa y. �o¢e¤iâì, éo ic­ãõ
âaªe ­aâãpa«ì­e x, éo f(x, x) = x.

(O. Xo¬e­ªo, K¨ı̈¢)

73. Tpa¯eæiï ABCD õ ¢¯¨ca­oî ¢ ªo«o pa¤iãca R âa o¯¨ca­oî ­a¢ªo«o ªo«a pa¤iãca r.
�­a ý̈ ¤iâì ¢i¤câa­ì ¬i¦ æe­âpa¬¨ æ¨x ªi«.

(P. �èaªo¢, K¨ı̈¢)

74. Ha cäepi ¯po¢e¤e­o âp¨ ªo«a, éo ¬aîâì c¯i«ì­ã âoçªã O. Bi¤o¬o, éo æi ªo«a ¯o¯ap­o
¯epeâ¨­aîâìcï ¢ âpìox pi§­¨x âoçªax A, B âa C, ïªi ¢i¤pi§­ïîâìcï ¢i¤ O. �­a ý̈ ¤iâì cã¬ã
ªãâi¢ “cäep¨ç­o£o” âp¨ªãâ­¨ªa ABC. (Kãâo¬ ¯p¨ ¯epeâ¨­i ¤¢ox «i­i ý̈ ­a§¨¢aõâìcï ªãâ
¬i¦ ¤oâ¨ç­¨¬¨ ¤o æ¨x «i­i ý̈ ¢ âoçæi ¯epeâ¨­ã).

(O. Xo¬e­ªo, K¨ı̈¢)

75. �o¢e¤iâì, éo ¯«oéa âp¨ªãâ­¨ªa §i câopo­a¬¨ a, b âa c ¬e­ìèa §a
1
2
· a

3 + b3 + c3

a+ b+ c
.

(B. �ci­cìª¨ ý̈ , Bi­­¨æï)

76. Hexa ý̈ M ¯o§­açaõ ¤eïªã ¬­o¦¨­ã ¯o¯ap­o pi§­¨x âoçoª ¤eªapâo¢oı̈ ¯«oé¨­¨, o¡¨¤¢i
ªoop¤¨­aâ¨ ïª¨x õ æi«¨¬¨ ç¨c«a¬¨. �ªã ¬aªc¨¬a«ì­ã ªi«ìªicâì âoçoª ¬o¦e ¬icâ¨â¨
M , ïªéo ¢i¤o¬o, éo ¢i¤câa­ì ¢i¤ ¤o¢i«ì­oı̈ âoçª¨ M ¤o ¯oçaâªã ªoop¤¨­aâ ¬e­ìèa §a
¢i¤câa­ì ¤o ¡ã¤ì-ïªoı̈ i­èoı̈ âoçª¨ § M?

(i. Ap¦a­æe¢, Mocª¢a)

77. Ko¦­i 2 § n > 2 ¬icâ ªpaı̈­¨ c¯o«ãçe­i o¤­iõî ¤opo£oî. �a¤«ï ¡e§¯eª¨ pãxã MBC ªpaı̈­¨
po§¯opï¤¨«ocï §po¡¨â¨ pãx ­a ªo¦­i ý̈ § ¤opi£ o¤­ocâopo­­i¬, a«e âaª, éo¡ ªi«ìªicâì
¤opi£, ïª¨¬¨ ¬o¦­a ¢’ı̈xaâ¨ ¢ ¡ã¤ì-ïªe ¬icâo i ªi«ìªicâì ¤opi£, ïª¨¬¨ ¬o¦­a ¢¨ı̈xaâ¨ §

­ìo£o, ¡ã«a ­e ¬e­èoî §a
[
n− 1

2

]
.

a) �o¢e¤iâì, éo ¯p¨ ¤o¢i«ì­o¬ã ¢¨ªo­a­­i po§¯opï¤¦e­­ï MBC, § ¡ã¤ì-ïªo£o ¬icâa
ªpaı̈­¨ ¢ ¡ã¤ì-ïªe i­èe ¬icâo ¬o¦­a ¡ã¤e ¯poı̈xaâ¨ ­e ¡i«ìèe ­i¦ ¯o âpìox ¤opo£ax.

a) �o¢e¤iâì, éo po§¯opï¤¦e­­ï MBC ¬o¦­a ¢¨ªo­aâ¨ âaª, éo § ¡ã¤ì-ïªo£o ¬icâa ªpaı̈­¨
¢ ¡ã¤ì-ïªe i­èe ¬icâo ¬o¦­a ¡ã¤e ¯poı̈xaâ¨ ­e ¡i«ìèe ­i¦ ¯o ¤¢ox ¤opo£ax.

(B. Ma§opçãª, K¨ı̈¢)
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71. Grandfather Mazay has a boat that seat exactly Dkg of cargo if say nothing about Mazay
himself. A number of hares were forgotten on the island. A hare has a height that is integer
number of kilograms and is not greater than 12kg. Prove that there exists D such that
grandfather Mazay can save (by some tries) any group of hares having common height
divisible by D.

(I. Arzantsev, D.Piontkovskyy, Moscow)

72. A function f is defined on the set of pairs of positive integers and has positive integer values.
It is known that f(f(x, y), z) = f(x, f(y, z)) for all positive integers x, y and z. Moreover,
there exists C such that f(x, y) < C for all positive integers x and y. Prove that there exists
a positive integer x such that f(x, x) = x.

(A. Khomenko, Kyiv)

73. Trapezium ABCD is inscribed into a circle of radius R and circumscribed over a circle of
radius r. Find the distance between the centers of these circles.

(R. Ushakov, Kyiv)

74. Three circles containing point O were drawn on a sphere. It is known that these circles
pairwise intersect each other in three different points A, B and C, which differ from O.
Find the sum of angles of “spherical” triangle ABC. (An angle between two lines is the
corresponding angle between the tangent lines taken in the cross point).

(A. Khomenko, Kyiv)

75. Prove that the area of a triangle with the sides a, b and c is less than
1
2
· a

3 + b3 + c3

a+ b+ c
.

(V. Yasinskyy, Vinnytsa)

76. Let M denote a set of pairwise distinct points on the plane having integer coordinates. Find
the maximal possible number of points in M under the condition that the distance between
any point in M and the origin is less than the distance between this point and any other
point in M?

(I. Arzantsev, Moscow)

77. Each 2 from n > 2 cities of the Country are connected by one road. For the traffic safety
Police give an instruction to permit only one-way traffic on each road, with the only condition
that the number of roads going from any town as good as the number of roads coming to

this town should not be less than
[
n− 1

2

]
.

a) Prove that after fulfillment of this instruction it would be possible to reach any town from
any other town using not more than three roads.

a) Prove that the instruction can be fulfilled in the way such that it would be possible to
reach any town from any other town using not more than two roads.

(V. Mazorchuk, Kyiv)
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